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Abstract. In this paper we study the Euler polynomials and functions and derive some 
interesting formulae related to the Euler polynomials and functions. From those formulae 
we consider Dedekind type DC(Daehee-Changhee)sums and prove reciprocity laws related 
to DC sums. 



1. Introduction/Preliminaries 
The Euler numbers are defined as 

(i) -t— r = E E »~i > 1*1 < 7r > ( see t 1 " 31 !)' 

e° + 1 L — ' n\ 

n=0 

and the Euler polynomials are also defined as 



2 t n 

(2) ~T^ eXt = Y, E n{x)-^ \t\ < 7T, ( see [4, 5, 6] ). 
e + 1 z — ' nl 

n=0 

The first few of Euler numbers are 1, — ^, 0, |, and = for k = 1,2, 3, • - • . From 
(1) and (2), we can easily derive the following. 

(3) £„(*■) = ± where (») = "("- D " ^C"- '+ D , (see [4 , 5 , 6]) . 
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In (1), it is easy to see that E = 1, E n (l) + E n = 25o, n , where 5o,n is the Kronecker 
symbol. That is, E n (l) = -E n for n = 1, 2, 3, • • • , (see [4, 5]). We denote E n (x) the 
n-th Euler function given by the Fourier expansion. 

00 (2n+l)nix 

EJx)=m\2 V — - — — — , (see [4,5]), 

v ' ^ 2n + l )m ) m+l V 1 11 

n= — oo vv ' ' 

which, for < x < 1, reduces the n-th Euler polynomials. 
By (3), we easily see that 

w ^-=i:(3-»i:(Y)*^-"*~ <•>■ 

A;=0 v 7 fc=0 v 7 

From (4), we note that 

(5) / E n (t)dt= —^—E n+1 (x), (see [4]). 

Jo n + 1 

By the definitions of the Euler numbers and the Euler polynomials, we easily see that 

n— 1 , .. \ n n f oo i 

(6) 2J2(-V k e kt = ^ = £ ((-l)"S,(n) + £,) \. 

k=0 1=0 

Thus, we have 

n-1 

(7) 2^(-i) fc ^ = (-ir^H+^. 

fc=0 

It is well known that the classical Dedekind sums S(h, k) first arose in the transfor- 
mation formula of the logarithm of Dedekind eta-function (see [17, 25, 26, 28]). If h 
and k are relative prime integers with k > 0, then Dedekind sum is defined as 

(8) S(h, k) = £((f ))((-?)), (see [17, 25, 26, 28]) 



■r /vv k 

u=l 



where ((x)) is defined as 



((x)) = x — [x] , if x is not an integer, 

= 0, otherwise, 



3 



where [x] is the largest integer < x, (cf. [17]). 

Generalized Dedekind sums S p (h, k) are defined as 

fc-i , 

(9) s p (h, k) = Y, )> (see [1, 17, 18, 25, 26, 28, 31]) ' 

a=l 

where h and k are relative prime positive integers and B p (x) are the p-th Bernoulli 
functions, which are defined as 

oo 

B p (x) = B p (x - [x]) = -pl(2ni)- p m~ v e 2 ^ nx , (see [17, 25, 26]), 

where B p (x) are the p-th ordinary Bernoulli polynomials. 

Recently Y. Simsek have studies (/-Dedekind type sums related to (/-zeta function 
and basic L-series (see [31, 18]). He also studies (/-Hardy-Berndt type sums associated 
with (/-Genocchi type zeta and (/-/-functions related to previous author's paper (see [18, 
31]). In this paper we consider Dedekind type DC(Daehee-Changhee) sums as follows. 

T p (/,,fc) = 2^(-l)- 1 ^ p (^), (heZ + ), 



where E p (x) are the p-the Euler functions. Note that T p (h, k) is the similar form of 
generalized Dedekind type sums. Finally, we prove the following reciprocity law for an 
odd p: 

k p T p (h, k) + h p T p (k, h) 

= 2 ( kh ( E +l)+HE + h- + (hE + kEf + (p + 2)E P , 



u=0 

u-[tf-] = l mod 2 



where h, k are relative prime positive integers and 

n+l 



(Eh + Ek) n + 1 = f2( n t 1 ) E fi 



1 7? un+l — l 
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2. On the reciprocity law for Dedekind type DC sums 

In this section, we assume p G N with p = 1 mod 2. By the definition of the Euler 
polynomials, we see that 

p—s 



(10) 



E p ( X +y) = j2 h (* + ?/r s £ s = E ( P ) E ° E ( p * s W~ s_fc 

s =o W s =o V s / fc=0 V / 

=eC)e(;)^-v-e(^» w -«. 



s =o x 7 j=0 w s=0 
From (2), we can also derive 

m— 1 

(11) £ p (mi) =m p E + — )(~ 1 ) S - 

s=0 m 

By (5), we easily see that 



(12) (\E p {x)dx = - + = = 0, 

Jo P P+1 P+1 P+1 P + 1 



and 



(13) J xE p (x)dx = E y s J E s J x p ~ s+1 dx = E 

By (12) and (13), we obtain the following lemma. 
Lemma 1. For p G N with p = 1 mod 2 ; we /icwe 



s 



p - s + 2 



p 



y- / p\ E a _ E p+l _ o 
For sGN with s = mod 2 and s < p, we have 

and, from (3), we note that 

By (14) and (15), we obtain the following theorem. 



Theorem 2. For sGN with s = mod 2 ane? s > p, we /jat>e 



u=0 



d«) E(:)ri + >.=-(iw.= :M 



Let us define Dedekind type DC sums as follows. 
(17) T p (h,k)=2j2(-l) u - 1 lE p (^), (heZ + ), 

u=l 

where E p (x) is the p-th Euler function. 
For m = 1 mod 2, we have 

m — 1 p 



it=l v=0 v 7 

P / \ m-1 

= ]T (H^m-^ +1 -^2 J](-l) u -V-" +1 



By (7) and (18), we obtain the following theorem. 
Theorem 3. For m = 1 mod 2, we /iai>e 

(19) T p (l,m) = ( P )Km- {p+1 - v) (E p _ v+1 (m) - E p _ v+1 

v=0 ^ 7 

From (3) we can also derive 

(20) E p _ v+1 {m) - E p _ v+1 = J2( P ~ V + ^m^-^E, 
so that we find 

P / \ p—v 



(21) -° W -° V 

1 p / \ p_1; 



Therefore, we obtain the following corollary. 
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Corollary 4. For m = 1 mod 2, we have 

(22) mTp(l, m) = £ ( P V f P " V + W*. 

«=o ^ i=o ^ z ' 

Interchanging the order of summation in (22), we obtain 

^(i, m) = t g (:) * ( p - r o w-< = g £ (:) * ( p t ') 

i=0 u=0 \ / \ / i=l v =0 ^ ' ^ ' ' 

+ f;>, + E(:)w + E(:),„(-:t>^ 

= E E ft) ( p " I + ') w-' + (p+ 1 )- b p+E (*) w 

i=i u=o \ / \ ' / v =0 ^ ' 

Therefore, we obtain the following proposition. 
Proposition 5. For m G N wit/i m = 1 mod 2, w;e /lave 

(23) m*T p (l, m) = J2 ( P ) E v m^> + EE (^"(^^ ^ E ^~ l + (P + 1 ) E p- 

v=0 i=l v=0 \ 1 J 

In the sum over i, the only no n- vanishing terms are those for which the index i is 
odd. Hence, since i < p in this sum we may use (3) and Theorem 2 to obtain 



m 

(24) 



P-2 / \ 

PT P (1, m) = m*%(l) + (p + l)£? p + ^ (jj £ p _,(l)K™ p -* 
= ]T ( P )E p - i (l)E i m p - i + P E P . 



i=0 

Therefore, we obtain the following theorem. 

Theorem 6. For odd p with p > 1, m e Z + wit/i m = 1 mod 2, toe have 

p 



mPT v {\,m) = J2 (^Ep-iWEirnr-'+pEp. 



7 



Now we employ the symbolic notation as E n (x) = (E + x) n . It is easy to show that 
(25) 

k — 1 P / \ i k — 1 / i \ P 



^ E(" 1 ) U E ( P ) h s E s (l)E p . s (h - [^]) = P £(-!)« (/*(£ + I) + (E + h - [^])Y 

•u=0 s=0 ^ ' u=0 ^ ' 

= ^ J2(-iy (eh + e + h + \ - \ + huk- 1 - 

u=0 ^ ' 

= k p |>ir (Eh + E + h + \ + eAY . 

u=0 ^ ' 

Now as the index u range through the values u = 0, 1, 2, • • • , k — 1, the product hu 
range through a complete residue system modulo k since (h, k) = 1 and due to the 
periodically of E-y(x), the term E 1 (^) may be replaced ia(f ) without alternating the 
sum over -u. For A; e Z + with /c = 1 mod 2, we have 

(25) = k p (E + Eh + h+l+E^Y = ¥> J2(-l) u ((E + ^)+ h(E + 1))' 

u=0 ^ ' u=0 

= k p E(-ir E h e s {^- s e p _ s {i) 

u=0 s=0 ^ ' 

= E (s) F ~ S (^D" 1 )"^)) ^" S ^- S (!) = E ^})k p - s E s hv- s E p - s {l). 
Therefore, we obtain the following theorem. 

Theorem 7. Let h, k be natural numbers with (h, k) = 1. For odd p with p > 1, and 
k = 1 mod 2, we have 

£ ^V-^ s /^ P _ s (i) = pE(-i) m E Q^^-^ - [y])- 

Let T be the sum of 

T = k p T p (h, k) + h p T(k, h) 

(26) =2Fg(-i)-^4(x)+ 2ftP E(-i)"-^4(f). 
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We assume first that p > 1 and h,keN with h = 1 mod 2, and k = 1 mod 2. 

(27) ^0 = ** + 

and 

fc-i 



u=0 

From (26) and (27), we can easily derive the following (28). 



u=l v=0 

(28) + {hk)n Y.i-iy-'l £(-1)^ + \) 

v=l u=0 
k-1 h-l 



i/=n 7> = n \ ' 



u=0 v=0 

Therefore, we obtain the following theorem. 

Theorem 8. Let h, k e N with h = 1 mod 2 and /c = 1 mod 2. For p > 1, we /icwe 

k-1 h-l 

k p T p (h, k) + h p T(k, h) = 2(hk) p £(-ir +u-1 (w/i + vk^hk^Epi^ + ^). 

Now as the indices u and u run through the range u = 0, 1, 2, cdots, k — 1, t> = 
0, 1, 2, • ■ ■ , /i — 1, respectively, the linear combination uh+vk ranges through a complete 
residue system modulo hk, and each term uh+vk satisfies the inequalities < uh+vk < 
2hk. If we define the sets 

A = {uh + vk\0 < uh + vk < hk}, B = {uh + vk\hk + 1 < uh + v k < 2hk}, 
C = {A|0< A< hk-1}. 



Let h,k EN with h = 1 mod 2 and k = 1 mod 2. From (28), we note that 
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(29) T = {hkT (2 E ^M>^(^ + ^ E ^(-^-'^(^)) • 

V AeA \eB / 

Now if y E B, then y = hk + X, where A G C, but A ^ A (for if A G A then we have 
A = y mod /i/c), but A{J B forms a complete residue system modulo hk. Hence, we 
have 

(30) 

sE^-D"- 1 ^)^ E (-D*-^) + 2 E sf- 1 )" 1 ^)- 

yeB AeC\A AeC\A 

By (29) and (30), we see that 

AeA AeC*\/4 

+2 e ^(-^^(^)} 

AeC*\A 

hk — 1 . , hk — 1 . 

A=0 A=0 

-2 e E(-D" + "-%(^)}. 

0<-u/i+ufc<hfc 

It is easy to see that 

2 E ^^ )( - 1)A_1 = 2 ( hk )~ P E P (0) = 2(hk)-PE p . 

A=0 

Hence, we have 

(31) T = (hk) p (T p (l, fc/i) + 2(hk)- p E p - S) , 
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where 

s = 2 J2 E i-^- 1 ^^^) 

0<u<k-l 0<v<h-l 
0<uh+vk<hk 

= 2 E E (-d* 4 *- 1 ^ + £)■ 

0<u<A:-l 0<w<h-l 

o<t+fr<i 

From the definition of S, we note that 

fc _ 1 [/ l _i»i] fe _ 1 [/ l _2»£] 

m=0 t>=0 u=0 t>=0 

p / x fc-i ^-¥1 



= 2E^)^" p E(- 1 )"" ls -(^ E (-i)^- 

s=0 ^ ' it=0 v=0 

P / x fc-1 / h-l-[hf] 

= E("> s - p E(- i r- 1 ^(^) 2 E (-d^- 

S =0 W u=0 K \ v=0 

= E ( p ) hS ~ p B-ir ^.(r) ((-i) h - [ ^-.(* - ft) + O 

= E ^ s_p E(-i) u - [¥1 ^(^)^- s (^ - [^d + E h h s ~ p Y.i-ir-'EsC^E,. 

s=0 ^ ' u=0 ' " s=0 ^ ' u=0 '' 

E (^- p E(-ir^ ] ^(^£; p _ a (fc- [^]) ('W-i^.. 

s=0 ^ ' u=0 s=0 ^ ' 



Returning to (31), we have 



T = (hkY{T p (l, kh) + 2(kh)-?E p - ( P ) h s ~ p YX-l) u - m Ep-.(h - 
+ h- p J2( P )h s k- s E p _ s E s }. 
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By Theorem 6 we see that 

V / \ k— 1 



T = E (^W-^x^r 5 -E (f) ^EHr^^i^^iy]) 

s=0 ^ ' s=0 ^ ' u=0 

+ (p + 2)£ p + ^ ( P ) h s k p ~ s E s E p _ s . 
From Theorem 7, we can also derive the following equation (32). 



(32) 



T = E w E - tx^ 1 - (-ir w ) 

s=0 ^ ' w=0 

+ ^ ( P ) h s k p - s E s E p . s + (p + 2)E P 



s=0 

Therefore, we obtain the following theorem. 

Theorem 9. Let h,k G N wit/i /i = 1 mod 2 and /c = 1 mod 2 and let (h, fc) = 1. 
Forp > 1, we have 

k p T p (h, k)+h p T p (k,h) 

= 2 +^)+k(E + h- [ f ^])j + (hE + kE) p + (p + 2)E p , 



u=0 

-[^]=1( mod 2) 



where 



(hE + kE) p = ( P )h s E s k p - s E p _ s . 

s=0 W 
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